All the boundary conditions compatible with the reduction of a five dimensional spinor field of bulk mass M in a compactified warped space to a four dimensional brane are derived from the hermiticity conditions of the relevant operator. The possible presence of metric singularities is taken into account. Examples of resulting Kaluza-Klein spinor towers are given for a representative set of values for the basic parameters of the model and of the parameters describing the allowed boundary conditions, within the hypothesis that there exists one-mass-scale-only, the Planck mass. In many cases, the lowest mass in the tower is small and very sensitive to the parameters while the other masses are much higher and become more regularly spaced. In these cases, if a basic fermion of the standard model (lepton or quark) happens to be the lowest mass of a Kaluza-Klein tower, the other masses would be much larger and weakly dependent on the fermion which defines the tower.
Introduction
In recent articles, we have analysed the generation of Kaluza-Klein mass towers in five dimensional theories with a fifth dimension compactified either to a strip or on a circle. This study was carried out considering a scalar field propagating freely in the bulk, at first in a flat space [1] , then in a warped space [2] without metric singularities [3] and finally in a warped space with metric singularities [4] . The approach relies on a careful study of the hermiticity properties of the operators which arise in the Kaluza-Klein reduction equations and which are of second order in the derivatives. This lead us, considering different five-dimensional metric configurations (flat and warped), to classify all the sets of allowed boundary conditions and, from them, the corresponding mass equations leading to the construction of the so-called Kaluza-Klein mass towers [6] . Remember that the consideration of warp spaces offers the possibility to solve in a elegant way, with only one extradimension, the hierarchy problem, in the sense that starting from the Planck mass as the only fundamental mass of the model, the observable low lying Kaluza-Klein masses can be made of the order of TeV without finetuning.
Having in mind that the future high energy colliders are expected to look for the possible appearance of Kaluza-Klein mass towers which could be of non zero spin as evidence for the existence of fields with spin propagating in higher dimensions, we were led to extend our work to spinor fields. In a previous article [5] , we restricted ourselves, as a first step in a more general approach, to a five-dimensional flat space. Requesting the Dirac operator be a symmetric operator and taking into account the underlying symmetries of the Dirac equation in five dimensions, in particular covariance and parity invariance in the brane, the whole set of allowed boundary conditions has been established leading to the mass equations from which the Kaluza-Klein mass towers are built.
In our preceding papers, illustrative numerical examples of Kaluza-Klein mass towers were given for the different configurations we considered.
In this article, we extend our study of Dirac fields by the consideration of five dimensional compactified warp spaces, first without, and then with metric singularities. The article is organized as follows. In Sect. (2), we consider the case of a warp space with no metric singularity. We establish the specific form of the Dirac equation and proceed with the Kaluza-Klein reduction. The whole set of allowed boundary conditions are obtained from the hermiticity of the Dirac operator. The solutions for a free field with an arbitrary mass M propagating in the bulk are given explicitly. In Sect. (3), we extend the same considerations to the case of warp spaces with an arbitrary number of singularities. Sect.(4) is devoted to various physical considerations concerning the determination and the interpretation of the Kaluza-Klein mass eigenstates, in particular considerations about the possible choices of boundary conditions, the closure of the extradimension strip to a circle, the mass scales of the model, the relation between Kaluza-Klein eigenmasses and observable masses and finally the mass state probability densities. In Sect. (5) , the general procedure adopted for the determination of the Kaluza-Klein mass towers is elaborated from the boundary conditions and the analytical expressions of the field. In Sect. (6) , some illustrative numerical examples of Kaluza-Klein mass towers are given for specific boundary conditions, in the cases without and with metric singularities.
In App.(A), we show that the boundary relations derived from the application of the least action principle are identical to those we deducted from the symmetry of the Dirac operator. In App.(B), we developed some examples of boundary conditions in the general case of N metric singularities. 
the warped metric is
In this equation, η σθ , η ss are the components of the five dimensional flat space metric with signature (+, −, −, −, −), λ is an arbitrary positive constant, introduced for later convenience, while, with k defined to be positive, the warp factor ǫk, ǫ = ±1 can be chosen to be positive or negative. As in the four-dimensional space, the Dirac spinor is four-dimensional Ψ α , α = 1, . . . , 4 in a five dimensional space. We now compute explicitly the vielbein and the related quantities (γ-matrices and covariant derivatives) needed to put the Dirac equation in the form (16) suitable for its application to the case of interest.
The non zero elements of the vielbein e 
We take local γ a as those of the flat five-dimensional space ([γ a , γ b ] + = η ab ). They can be built from a set γ σ , σ = 0, . . . , 3 matrices of the four dimensional flat space. In particular one has γ s = γ 0 γ 1 γ 2 γ 3 . The warped γ A are given by
The Dirac equation is covariant under the diffeomorphisms
and under the local SO(4,1) local transformations
where
αβ is the spinor transformation corresponding to the vector transformation T 
The covariant derivative of the four-component spinor field Ψ α is given by
where the spinor connection G
, written in general
reduces here to G
[s]
Collecting the terms, one finds from (1) the specific Dirac equation of the warped space (5)
The five-dimensional mass M, the mass in the bulk, is an arbitrary parameter of the model.
Symmetry of the Dirac operator
In order to have real M, the Dirac operator D in (1)
should be symmetric for the hermitian scalar product (2), namely
Using the identity
which can be proved using
the equation (18) reduces (up to a factor i) to the integral of a divergence
meaning that this operator is formally symmetric. This equation determines the boundary conditions which must be satisfied by Φ and Ψ in order for the Dirac operator to be fully symmetric. In this Section, the discussion is carried on in a warped space without metric singularities and in Section (3) with an arbitrary number N of metric singularities.
Kaluza-Klein reduction. No metric singularity
We adopt the following Kaluza-Klein separation of variables
assuming that F [n] (s) and G [n] (s) are complex functions depending on s only while ψ
[n] (x µ ) is a x µ dependent spinor. In this form we have made the most general choice compatible with an SO(3,1) spinor invariance in the sense that Ψ and ψ
[n] are supposed to transform in the same way under this subgroup of the spinor SO(4,1) transformations (11).
Boundary relation and conditions for the spinor fields. No metric singularity
For each variable x A with range [−∞, ∞], the integration in (21) is identically zero for Ψ and Φ in the spinor Hilbert space (sufficient decrease of the fields at ±∞). For the variables s which has a finite range [0, 2πR] , the boundary relation is d
where the integration is carried on all the variables x µ . In turn, the relation (23) implies conditions between the fields evaluated at s = 2πR and s = 0. These boundary conditions will be written explicitly below for the case of a five dimensional warped space without metric singularity or in Section (3) for the case with metric singularities.
We do not consider here the variable s with a semi-infinite range [0, ∞] (up to a transformation s ′ = ± s+β) which require a special treatment. In order to obtain the boundary conditions which must be satisfied by the components F and G [n,Φ] ), one introduces the reduction ansatz (22) in the boundary relation (23).
As in the flat case for spinors [5] , there are two sets of possible boundary conditions. The first set Set BC1 :
where B is a complex 2 × 2 matrix. After some computation one finds that B must be of the form
where ρ is a real parameter with range 0 ≤ ρ < 2π and ω is an arbitrary real parameter. Compared to the flat case there is simply an extra e 4ǫπkR factor. The second set Set BC2 :
where ǫ 0 and ǫ R are two arbitrary signs is identical to the corresponding set in the flat case. One supposes that the fields satisfy the S0(3,1) invariant boundary conditions
Solutions. No metric singularity
Introducing the reduction ansatz (22) in the five dimensional Dirac equation (1) and postulating that ψ
[n] satisfies the four dimensional parity invariant Dirac equation
one finds from (16) the two coupled equations for the components of the field
In terms of the following constants, variable and functions
one obtains the simplified equations
Defining
one equation gives F
[n]
while the second equation, of second order, leads to
The function F
+ satisfies the following equation
which is of Bessel type. The final solution for F 
with two arbitrary constants while
and
The constants σ n and τ n of (35) are determined by the boundary conditions (24) or (26). 
of respective length
(note r 0 =0) equivalent to
the metric takes the explicit form for s ∈ I i : dS 
(43) In each subspace, the Dirac equation derived from (1) assumes the form for s ∈ I i :
Kaluza-Klein reduction with metric singularities
We adopt the following Kaluza-Klein separation of variables analogous to the no singularity case (22) 
Solutions with metric singularities
Following the same procedure as in the case without singularity (2.5) we find that in the interval I i , the solution is
The function F 
depending on two arbitrary constants σ n,i , τ n,i and with
The constants σ n,i and τ n,i (altogether 2(N + 1) parameters) must satisfy 2(N + 1) homogeneous linear boundary relations expressing the boundary conditions (see (66)). For given boundary conditions, in order to obtain a non trivial solution for the σ n,i and τ n,i , the related 2(N+1) × 2(N+1) determinant must vanish, leading to a mass eigenvalue equation for the m n .
Boundary relation and conditions for the spinor fields with metric singularities
In the boundary relation (21), the total derivative terms in Σ vanish since the fields are supposed to decrease sufficiently fast at infinity in the Σ directions. The fields are in general discontinuous at the metric singularity point. We define
Noting that γ 5 = γ 5 (9) and (43), the boundary relation (21), after integration over s, becomes
Expanding Ψ and Φ according to the Kaluza-Klein reduction (45), leading to
one finds after some algebra
In terms of the left and right boundary values, we define the 4(N+1)
The two boundary relations (53), (54) can be written in matrix form
where S j are square matrices with upper index [4(N+1)] referring to their size. For (53), the antisymmetric matrix S
has the following form
with the zero matrix 0 [2(N +1)] and the antisymmetric block diagonal matrix S
. . . 0
For (54), the matrix S
is block diagonal
with the diagonal matrix S
The allowed sets of boundary conditions can be obtained from the boundary relations (56), by the following general procedure. The boundary conditions are expressible in terms of 2(N+2) independent homogeneous linear relations among the components of the matrix Ψ (55) chosen in such a way as to guarantee the two boundary relations (53) and (54). The components of Φ have of course to satisfy the same linear relations. The boundary conditions are written
where M BC is a 2(N+1) × 4(N+1) matrix of rank 2(N+1). For any such M BC , there exists a 4(N+1) × 4(N+1) permutation matrix P such that, defining
the 2(N+1) boundary conditions are equivalent to
with the matrix V (depending on P ) and the unit matrix 1
Writing Ψ P in terms of its 2(N+1) upper elements Ψ u P and its down elements Ψ
one finds that the 2(N+1) first equations are trivial while the last 2(N+1) equations express the boundary conditions equivalent to (61)
This is in agreement with the observation that, from (61), there exists always a permutation P of the component of Ψ such that the 2(N+1) components (Ψ Writing S
expressing the allowed boundary conditions (63), must satisfy the two matrix equations
This follows from the fact that the boundary relations (56) then depend on Ψ u P and Φ u+ P only which are all independent and arbitrary. With the four 2(N +1)×2(N +1) matrices S
the boundary relations (56) lead explicitly to two equations for the matrix V
It should be stressed that different choices of P may lead to equivalent, differently expressed, boundary conditions, in particular by multiplying P by further permutations within the elements of Ψ u or within the elements of 
Physical considerations
In our previous article [4] , we have given a detailed discussion of the physical relevance of the main aspects underlying the Kaluza-Klein construction for scalars. We summarize here the points which apply to the spinor case.
Physical discussion of the generalized boundary conditions
It happens that the boundary conditions (66) may connect the values of the components F and G of the field (not their derivatives as in the scalar case) at different points of the s-domain i.e. at the N metric singular points and at the two edges. In this case, the field explores, in fact, its full domain at once. This is tantamount to action at a distance or non locality, which we argued in [4] not to be in contradiction with quantum mechanics. In our numerical applications (6) however, we restrict ourselves either to fully local boundary conditions (locality at the metric singular points as well as at the edges (App.B.2)) or to partially local boundary conditions (excluding locality at the edges (App.B.1)).
Closure to a circle
The strip could be closed in a circle by identifying the points s = 0 and s = 2πR under the following requirements.
There must be an even number 2p (p > 0) of singularities. By rotation around the circle, the first singularity can always be placed at the closure point s = 0. Then N ≡ 2p−1. The total range where the sign of s in the exponential in the metric is positive must be equal to the total range where it is negative (38), (39)
4.3 The "one-mass-scale-only" hypothesis By assumption, there is only one high mass scale in the theory which is chosen to be the Planck mass
The dimensionfull parameters k, R and M can be written in terms of reduced parameters k, R and M
We call the assumption that the reduced parameters are neither large nor small numbers (except 0) the "one-mass-scale-only" hypothesis. The parameter kR = kR governs the reduction from the high mass scale to the TeV scale of the low lying masses in the Kaluza-Klein towers. Finally, let us note that by rescaling the parameter k can always be chosen to be equal to one k = 1 .
Since the mass eigenvalue equation are covariant under a rescaling of all the reduced parameters p according to their energy dimension d p
one finds that the mass eigenvalues for a given k can be obtained from eigenvalues corresponding to our choice k = 1 (using λ = 1/k) by
The physical masses
For a four-dimensional observer supposed to be sitting at s = s obs in a given I i interval (38), the metric (42)
can be transformed in canonical form
by the following rescaling
According to (27), we have
The mass as seen in by the observer in the brane at s = s obs ∈ I i is thus related to the mass eigenvalue m n by
For s obs = 0, the physical mass is just equal to the mass eigenvalue.
Probability density
Once all the parameters defining a specific model are chosen and the mass eigenvalue tower is determined, there exists a unique field ψ [n] (x µ , s) (see (45)) for each mass eigenvalue leading to a naive probability density field distribution D
[n] (x µ , s) which depends both on x µ and s
Note that the shape of this density distribution depends in general on the interval I i to which s belongs. As observed and discussed in [3] , these probability densities are fast varying functions of s. The total normalized probability density for a Kaluza-Klein particle to be present in a brane situated at s = s obs is
Remember that the physical mass as seen by the observer is also a function of the s obs position (81).
Towers
In the absence of metric singularities, the two arbitrary parameters σ and τ which appear in the solution (37), (35), (36) of the Dirac equation (1) in the five dimensional space after the KK reduction (22) have to satisfy two homogeneous linear equations expressing an allowed set of boundary conditions, belonging either to the set BC1 (24) or to the set BC2 (26). The condition for the existence of a non trivial σ, τ solution is the vanishing of the related determinant. This leads in each case to a mass equations from which the KK mass towers can be derived. In Sect.(6.1), numerical examples of KK mass towers are given for each of the two sets of boundary conditions, for different values of the basic parameters of the model, i.e. the warp factors ǫ, k, kR, the bulk mass M, as well as for different values of the parameters ρ, ω or ǫ 0 , ǫ R defining the boundary conditions considered. In the general case, when there are N metric singularities, there are N+1 parameters σ n,i and N+1 parameters τ n,i appearing in the solution (37), (48), (49) of the Dirac equation after the Kaluza-Klein reduction (45). These parameters have to satisfy the 2(N+1) homogeneous linear equations (66) resulting from the imposition of the 2(N+1) boundary conditions on the 2(N+1) values of the fields at the edges of the N + 1 intervals I i in the s-range (50). Indeed, for a given singularity configuration, there exists a set of 2(N + 1) boundary conditions resulting from the two boundary relations (56) expressing the condition of hermiticity of the Dirac operator. As in the preceding case, the requested vanishing of the determinant of the coefficients of the 2(N + 1) boundary conditions with respect to the 2(N + 1) parameters (σ n,i , τ n,i ) leads to the corresponding KK mass equation. In Sect.(6.2), a few examples of towers are given when there is one singularity.
For completeness, let us list all the parameters. They are the basic parameters of the warp model k, ǫ, kR, the bulk mass M, the positions s i of the N metric singularities and the boundary parameters defining the matrix V [2(N +1)] P subject to the two conditions (70). Once all these parameters are chosen, the vanishing of the above determinant is generally a transcendental function of the eigenvalues m n .
Examples of towers
For an illustration of the types of spinor towers which appear in warped spaces, we construct examples of the eight lowest mass eigenvalues for simple specific boundary conditions. We first discuss the case when there is no metric singularity, then when there is one metric singularity. We would like to stress that, in order to perform the numerical computations, high precision is mandatory.
Examples of towers. No metric singularity
In this subsection, a few illustrative numerical examples of Kaluza-Klein spinor towers in warped spaces are presented for each of the two sets BC1 (24) and BC2 (26) of boundary conditions and for some chosen values of the bulk mass M and of the parameters fixing the boundary conditions. In general, the Kaluza-Klein mass eigenvalues are irregularly spaced. With the adopted values of the basic parameters of the warp model, i.e. k arbitrarily normalized to the Planck mass (k = 1, see (73)) and kR ≈ 6.3, all the low lying Kaluza-Klein masses are of the order TeV. In the tables, kr is fixed to kR = 6.3
and the Kaluza-Klein tower masses denoted with m i are given in TeV. As a general rule, the values of m i decrease (exponentially) when kR increases, hence fixing the overall scale of the masses in the tower. It should be noted that chosing the value of the bulk mass M to zero or to values of the order of the Planck mass, within the one-mass-scale-only (4.3), does not lead to substantially different Kaluza-Klein towers.
In Table( 
0, the Kaluza-Klein tower exhibits some characteristic features: it is the only tower to possess a zero mass state while the higher masses are doubly degenerate. Indeed, one sees that, for ρ = 0, when ω decreases toward zero, pairs of adjacent masses in the towers are getting closer and closer and take the same value when ω reaches the value zero.
In Table( 2), Table(3) and Tables(4) - (5) 
This agrees with the analogous result for M = 0 as seen in Table(1) . Moreover, for ρ = 0 and for any M of the order 1, the value of m 1 depends almost exactly linearly on the value of the parameter ω from about ω = ω M − 1 up to values very close to ω M and on the other side from ω very close to ω M up to about ω M + 1. In general, except for the first mass of the towers in the case ρ = 0, all the other masses in the towers do not show a strong dependence on the value of the ω parameter. The fact that the first mass of the tower can take values between 0 and about 0.1 TeV, and hence can be small when ρ is not large, allows one, by a suitable choice of the parameters kR, M, ω to associate a tower to a particular fermion of the Standard Model be it a lepton or a quark and assuming it to be the lowest state of a Kaluza-Klein tower in a five dimensional warped space. From the second mass on, the intervals between successive masses are generally much larger and more regular.
In Table( 6), Kaluza-Klein towers are presented for the set of boundary conditions BC2 (set (26)) for the two possible choices of the product ǫ 0 ǫ R of the boundary condition parameters, and for each of them, for some values of the reduced bulk mass M . In general, the tower masses have a fairly mild dependence with respect to the bulk mass, with the exception of the first mass in the towers when ǫ 0 ǫ R is equal to -1, in which case, starting from a value of about 0.1 TeV for M = 0, it falls to less than 10 −10 TeV when M is equal to one or higher. This feature is again of importance in view of practical applications of the warp model to fermions, either to the leptons or to the quarks of the Standard Model. Indeed, by an adequate choice kR and of the bulk mass M, the first mass of a Kaluza-Klein tower could be made equal to the mass of a given lepton, for example the muon, leading to identify the tower as associated to that lepton. Considering for example kR = 6.3 and the case of the muon, with mass equal to 1.057 10
TeV as the lowest mass in a tower, the associated Kaluza-Klein tower would result from adopting a value around 0.65 for the reduced bulk mass of the five-dimensional fermion M µ associated to the muon. A not very different reduced bulk mass M e = 0.8 would produce the electron of mass equal to 5.11 10 −7 TeV as its first mass. It is interesting to remark that bulk fermions with rather close reduced bulk masses (0.65, 0.8) would lead to the observed fermions with masses in the large ratio m µ /m e = 206.8. It should be noted that the Kaluza-Klein tower masses associated to either of these two leptons would be hardly distinguishable beyond the first mass. One should also be aware that the Kaluza-Klein towers associated to a given fermion would be of a different structure depending on the set (BC1 or BC2) of boundary conditions considered.
Examples of towers. One metric singularity. Semilocal boundary conditions
When there is one metric singularity, the number of arbitrary parameters increases. Besides kR and M, the position of the singularity on the strip [0, 2πR] appears as a new parameter
which is complemented by the boundary condition parameters.
In order to keep the mass eigenvalues roughly of the order of TeV, we are led to adapt the value of kR to the value chosen for s 1 . Satisfactory choices are 
In Table( Again in view of applications to leptons and quarks, it should be noted that, when the parameters almost satisfy the mass zero conditions (89), the tower consists of a low mass m 1 accompanied, as a signature, by almost regularly separated doublets of higher masses with m 2 much larger than m 1 .
Conclusions
In this article, we have extended our previous study of the generation of Kaluza-Klein mass towers for spinor fields propagating in a five dimensional flat space with the fifth dimension compactified either on a strip or on a circle. We have now studied spinor fields propagating in five dimensional compactified warp spaces.
We first considered the case of a warp space without metric singularity. We established the specific Dirac equation in the relevant five dimensional warp space for a spinor field with an arbitrary bulk mass M and proceeded with the Kaluza-Klein reduction considering the most general choice of separation of variables compatible with a SO(3,1) spinor covariance. The reducted components of the Dirac fields are found to satisfy a system of two coupled equations for which the most general solutions for a four dimensional mass m are given in terms of Bessel functions.
From the requirement of hermiticity of the Dirac operator, we have established all the allowed sets of boundary conditions which have to be imposed on the fields. We found that these boundary conditions belong to two essentially different sets BC1 (24) and BC2 (26), leading to the mass equations from which the Kaluza-Klein mass towers can be built. The same considerations have been extended to the case of warp spaces with an arbitrary number of metric singularities.
In view of the interpretation of the Kaluza-Klein mass eigenstates, specific physical considerations have been made about the possible choices of boundary conditions, about the particular situation in which the extradimension strip could be closed to a circle, about the mass scale of the model, about the relation between the Kaluza-Klein masses and the physical masses as observed in a brane and also about the mass state probability densities. In particular, all the parameters with energy dimension are scaled to the Plank mass within the only-one-mass-scale hypothesis.
Finally, illustrative numerical examples of Kaluza-Klein mass towers are given when there is no metric singularity for each of the two sets of boundary conditions, BC1 and BC2. When there is one metric singularity we have exemplified towers for some boundary conditions belonging to what we call the semi-local set. With kR = 6.3 or around, it happens that the low lying masses are of the order of TeV, thereby solving the hierarchy problem without fine tuning.
In the different situations considered, the towers have been established for several choices of the basic parameters of the warp model, i.e. the mass reduction parameter kR = 6.3 (suitably readjusted to the value of s 1 ), the bulk mass M, the position s 1 of the singularity on the extradimension if any, as well as of the parameters defining the boundary conditions. In general, the mass towers are irregularly spaced, and a zero mass state or a small mass state exists which depends on the boundary parameters and on the value given to the bulk mass M. This situation allows one, by a suitable choice of the parameters of the model, to associate a mass tower to any particular fermion of the standard model whose mass would be the smallest in the tower. In the assumption that the known leptons and quarks propagate in the bulk under consideration, one would expect to observe the next low lying masses at high energy colliders, in particular at the LHC.
A Least action principle
The most general invariant action linear in Ψ and Ψ and of first order in their derivatives is, using (13),
The underlying Lagrangian is hermitian if
and we choose
Let us note the useful identity
Requesting then the variation of the action (90)
to vanish for arbitrary variations δΨ and δΨ of the fields Ψ and Ψ, one finds the Dirac equations provided that
They are
independently of the boundary conditions. Indeed, since the action is linear in Ψ, if it is extremal for two δΨ with the same boundary conditions, it is also extremal for their difference which is automatically zero at the boundaries. Hence, the field equations are those obtained from the usual least action principle i.e. with vanishing variations at the boundaries (96). However, further attention has to be devoted to the variation of the action arising from the boundary terms (third and fourth term in (94)). Suppose that there are N metric singularities located at the points s i , i = 1, N in the s space extending from s 0 = 0 to s N +1 = 2πR. Denote by Ψ l (s i ) and Ψ r (s i ) the values of the fields at the left and at the right of the metric singularities, and similarly for their variations. The boundary relations expressed from the boundary terms in (94) become
It is natural to suppose that the variations δΨ, δψ and the fields Ψ and Ψ belong to the same Hilbert space i.e. satisfy the same boundary conditions. The relations (97) and (98) then imply boundary conditions which turn out to be identical to those obtained in the main part of the article from (21) which resulted from the requirement of symmetry of the Dirac operator (17).
B Examples of boundary relations
There are many inequivalent sets of boundary conditions related to various choices of the permutation P in (62). Let us give a few.
B.1 P=1. Local boundary conditions at the metric singular points. Non local conditions at the edges of the s-domain
With P = 1, one can obtain boundary conditions which satisfy the locality conditions (see Sect. (4.1)) at the singular points but not at the edges. The form of V
compatible with this partial-locality is
. . . 0 [2] . . .
. . . V
Introducing this form of the matrix in the equations (70), one finds for all j (j = 1, . . . , N+1)
From (100), all the V
[2] j are complex symplectic 2 × 2 matrices restricted by the further condition (101). Their resulting general form is
and depends on 2(N+1) arbitrary parameters. Hence the explicit boundary conditions at the metric singularities j = 1, . . . , N are
At the edges, the boundary conditions are non local
(104) since they connect the values of the fields at s = 2πR to the values of the fields at s = 0 (a long distance effect). When the conditions (71) for the closure of the strip to a circle are met, these would also be local boundary conditions.
B.2 Local boundary conditions both at the metric singular points and at the edges of the s-domain
A way to obtain fully local boundary conditions is to perform the following permutation 
and to take V 
Introducing (106) in (107) on see that (V [2] N +1 ) 2 = 1 [2] . This leads to boundary conditions at the singularities (s j , j=1, . . . , N) as above (103) and to
at the edges.
B.3 General boundary conditions for P = 1
When P = 1, i.e. when the boundary conditions express the values at the left of the exceptional points (singularities and edges) in terms of the values at the right, the two equations (j=1, 2) (70) take the simplified form with
from (58) and S
from (60)
The matrix V [2(N +1)] must be an element in the intersection of the complex sympletic group Sp(2(N+1)) (from the relation for j = 1) and of the pseudounitary group U(N+1, N+1) (from the relation j = 2). The dimension of the parameter space can be obtained by writing V [2(N +1)] infinitesimally close to the identity 1
, η → 0 (110) in 2 × 2 blocks. One finds that there are, for H [2(N +1)] , N+1 diagonal 2 × 2 blocks H jj (j = 1, . . . , N+1), each depending on two real parameters
and N(N+1) independent non diagonal 2×2 blocks H jk , j < k = 1, . . . , N+1, each depending on two complex (four real) parameters p jk and q jk
Hence, the set of boundary conditions for P = 1 is indexed by 2(N+1) 2 real parameters.
Let us finally remark that contrary to what happens for the scalar fields where the boundary conditions relate the fields and their derivatives, the boundary parameters have zero energy dimension (73) and, hence, there is no need to introduce reduced parameters in the spinor case. 
